THE TAU CONSTANT OF A METRIZED GRAPH AND ITS BEHAVIOR 

UNDER GRAPH OPERATIONS 



ZUBEYIR CINKIR 

Abstract. This paper concerns the tau constant, which is an important invariant of a 
metrized graph, and which has apphcations to arithmetic properties of curves. We give 
several formulas for the tau constant, and show how it changes under graph operations 
including deletion of an edge, contraction of an edge, and union of graphs along one or 
two points. We show how the tau constant changes when edges of a graph are replaced by 
arbitrary graphs. We prove Baker and Rumely's lower bound conjecture on the tau constant 
for several classes of metrized graphs. 



1. Introduction 

Metrized graphs, which are graphs equipped with a distance function on their edges, 
appear in many places in arithmetic geometry. R. Rumely |Ruj used metrized graphs to 
develop arithmetic capacity theory, contributing to local intersection theory for curves over 
non-archimedean fields. T. Chinburg and Rumely [CRj used metrized graphs to define their 
"capacity pairing". Another pairing satisfying "desirable" properties is Zhang's "admissible 
pairing on curves", introduced by S. Zhang |Zhlj . Arakelov introduced an intersection 
pairing at infinity and used analysis on Riemann surfaces to derive global results. In the non- 
archimedean case, metrized graphs appear as the analogue of a Riemann surface. Metrized 
graphs and their invariants are studied in the articles [Zhlj . |Zh2j . |Faj . |C1] . |C2j . 

Metrized graphs which arise as dual graphs of curves, and Arakelov Green's functions 
gfj_{x,y) on the metrized graphs, play an important role in both of the articles |CRj and 
[Zhlj . Chinburg and Rumely worked with a canonical measure ^can of total mass 1 on a 
metrized graph F which is the dual graph of the special fiber of a curve C. Similarly, Zhang 
[Zhlj worked with an "admissible measure" fiad, a generalization of fican, of total mass 1 
on F. The diagonal values g^^ani^i^) are constant on F. M. Baker and Rumely called this 
constant the "tau constant" of a metrized graph F, and denoted it by t(F). They posed 
a conjecture (see Conjecture 12.131) concerning lower bound of t(F). We call it Baker and 
Rumely's lower bound conjecture. 

In summer 2003 at UGA, an REU group lead by Baker and Rumely studied properties 
of the tau constant and the lower bound conjecture. Baker and Rumely |BRj introduced a 
measure valued Laplacian operator A which extends Laplacian operators studied earlier in 
the articles |CRj and [Zhlj . This Laplacian operator combines the "discrete" Laplacian on a 
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finite graph and the "continuous" Laplacian —f"{x)dx on M. Later, Baker and Rumely [BR] 
studied harmonic analysis on metrized graphs. In terms of spectral theory, the tau constant 
is the trace of the inverse operator of A, acting on functions / for which Jp fdjican = 0, when 
r has total length 1. 

In this paper, we express the canonical measure ^can on a metrized graph F in terms of 
the voltage function jx{y, z) on F. Our main focus is to give a systematic study of how the 
tau constant behaves under common graph operations. We give new formulas for the tau 
constant, and show how it changes under graph operations such as the deletion of an edge, 
the contraction of an edge into its end points, identifying any two vertices, and extending or 
shortening one of the edge lengths of F. We define a new graph operation which we call "full 
immersion of a collection of given graphs into another graph" (see and we show how the 
tau constant changes under this operation. We prove the lower bound conjecture for several 
classes of metrized graphs. We show how our formulas can be applied to compute the tau 
constant for various classes of metrized graphs, including those with vertex connectivity 1 
or 2. The results here extend those obtained in [Cl j Sections 2.4, 3.1, 3.2, 3.3, 3.4 and 3.5]. 
Further applications of these results can be found in the articles |C2] . |C3j . |C4] . and |C5j . 

2. The tau constant and the lower bound conjecture 

In this section, we first recall a few facts about metrized graphs, the canonical measure 
/ican on a metrized graph F, the Laplacian operator A on F, and the tau constant r(F) of F. 
Then we give a new expression for ^can in terms of the voltage function and two arbitrary 
points g in F. This enables us to obtain a new formula for the tau constant. We also show 
how the Laplacian operator A acts on the product of two functions. 

A metrized graph F is a finite connected graph equipped with a distinguished parametriza- 
tion of each of its edges. One can find other definitions of metrized graphs in the articles 
|BRj . |Zhlj . |BFj . and the references contained in those articles. 

A metrized graph can have multiple edges and self- loops. For any given p € F, the number 
of directions emanating from p will be called the valence of p, and will be denoted by v{p). 
By definition, there can be only finitely many p eT with v{p) ^ 2. 

For a metrized graph F, we will denote its set of vertices by V^(F). We require that V{T) 
be finite and non-empty and that p G V^(F) for each p G F if v{p) ^ 2. For a given metrized 
graph F, it is possible to enlarge the vertex set V^(F) by considering more additional points 
of valence 2 as vertices. 

For a given graph F with vertex set V^(F), the set of edges of F is the set of closed line 
segments with end points in V^(F). We will denote the set of edges of F by E{V). 

Let V := #(y(F)) and e := #(E(F)). We define the genus of F to be the first Betti 
number g := e — v + 1 oi the graph F. Note that the genus is a topological invariant of F. In 
particular, it is independent of the choice of the vertex set V^(F). Since F is connected, g{T) 
coincides with the cyclotomic number of F in combinatorial graph theory. 

We denote the length of an edge Cj G E{V) by Lj. The total length of F, which will be 

e 

denoted by ^(F), is given by ^(F) = Lj. 

i=l 

Let F be a metrized graph. If we scale each edge of F by multiplying its length by 

we obtain a new graph which is called normalization of F, and will be denoted F^. Thus, 
^(F^) = L 
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We will denote the graph obtained from T by deletion of the interior points of an edge 
Cj G E{T) by r — Cj. An edge Cj of a connected graph T is called a bridge if F — Cj becomes 
disconnected. If there is no such edge in F, it will be called a bridgeless graph. 

As in the article [BRj . Zh(F) will be used to denote the set of all continuous functions 
/ : F ^ C such that for some vertex set V{r), f is on F\1/(F) and f"{x) G L\r). 

Baker and Rumely |BR] defined the following measure valued Laplacian on a given metrized 
graph. For a function / G Zh(F), 



(1) 



Kifix)) = -f"{x)dx 



5j,{x) 



See the article |BRj for details and for a description of the largest class of functions for which 
a measure valued Laplacian can be defined. 

We will now clarify how the Laplacian operator acts on a product of functions. For any 
two functions f{x) and g{x) in Zh(F), we have f{x)g{x) G Zh(F) and 

Mf(x)g(x)) = - [f"(x)g{x) + 2f'{x)g'{x) + f(x)g"(x)]dx 



pev(r) 

cll / 



vatp 



{f{p)dvg{p) + 9{p)dvf{p) 



—g{x)f"{x)dx - 
- f{x)g"{x)dx 



peV'(r) '-va.tp 



6p{x) 



6p{x) 



5p{x) 



2f'{x)g'{x)dx 



E f(P) J2d,g{p) 
pey(r) '-vatp 

= g{x)AJ{x) + f{x)A,g{x) - 2f'{x)g'{x)dx. 

Thus, we have shown the following result: 

Theorem 2.1. For any f{x) and g{x) G Zh(F), we have 

^xifix)g{x)) = g{x)A^f{x) + ,f{x)A^g{x) - 2f{x)g'{x)dx. 

The following proposition shows that the Laplacian on Zh(F) is "self-adjoint", and explains 
the choice of sign in the definition of A. It is proved by a simple integration by parts 
argument. 

Proposition 2.2. [Zhlt Lemma 4. a] |BRt Proposition 1.1] For every f,g & Zh(F), 



g Af = I f Ag, Self-Adjointness of A 
f'{x)g'{x)dx Green's Identity. 



In the article [CRj . a kernel jz{x,y) giving a fundamental solution of the Laplacian is 
defined and studied as a function of x,y, z G F. For fixed z and y it has the following 
physical interpretation: when F is viewed as a resistive electric circuit with terminals at 
z and y, with the resistance in each edge given by its length, then jz{x,y) is the voltage 
difference between x and z, when unit current enters at y and exits at z (with reference 
voltage at z). 
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Figure 1. Series and Parallel Reductions 

For any x, z in F, the voltage function jx{y-, z) on F is a symmetric function in y and 
and it satisfies jx{,x^ 2) = and jxiy, y) = r{x, y), where r(x, y) is the resistance function on 
F. For each vertex set V{r), jz{x,y) is continuous on F as a function of 3 variables. As the 
physical interpretation suggests, jx{y,z) > for all x, y, z in F. For proofs of these facts, 
see the articles |CR] . [BRl sec 1.5 and sec 6], and |Zhl[ Appendix]. The voltage function 
jz{x,y) and the resistance function r{x,y) on a metrized graph were also studied by Baker 
and Faber jBF] . 

Proposition 2.3. [CRJ For any p,q,x & T, Axjp{x, q) = Sq{x) — 6p{x). 

In |CRl Section 2], it was shown that the theory of harmonic functions on metrized graphs 
is equivalent to the theory of resistive electric circuits with terminals. We now recall the 
following well known facts from circuit theory. They will be used frequently and implicitly 
in this paper and in the papers |C2j, [C3i| . ^C4j . The basic principle of circuit analysis is that 
if one subcircuit of a circuit is replaced by another circuit which has the same resistances 
between each pair of terminals as the original subcircuit, then all the resistances between 
the terminals of the original circuit are unchanged. The following subcircuit replacements 
are particularly useful: 

Series Reduction: Let F be a graph with vertex set {p, q, s}. Suppose that p and s are 
connected by an edge of length A, and that s and q are connected by an edge of length B. 
Let /3 be a graph with vertex set {p, q}, where p and q are connected by an edge of length 
A + B. Then the effective resistance in F between p and q is equal to the effective resistance 
in P between p and q. These are illustrated by the first two graphs in Figure [TJ 

Parallel Reduction: Suppose F and /3 be two graphs with vertex set {p,q}- Suppose p 
and q' in F are connected by two edges of lengths A and B, respectively, and let p and q in 
(3 be connected by an edge of length (see the last two graphs in Figured]). Then the 
effective resistance in F between p and q is equal to the effective resistance in j3 between p 
and q. 

Delta- Wye transformation: This is the one case where a mesh can be replaced by a 
star. Let F be a triangular graph with vertices p, q, and s. Then, F (with resistance function 
rr) can be transformed to a Y-shaped graph j3 (with resistance function r^j) so that p, q, s 
become end points in (3 and the following equivalence of resistances hold: rr{p, q) = r^^p, q), 
rr{p, s) = rp{p, s), rr{q, s) = r^i^q, s). Moreover, for the resistances a, fe, c in F, we have the 
resistances , a+h+c ' a+h+c (^i illustrated by the first two graphs in Figure [2l 

Wye-Delta transformation: This is the inverse Delta- Wye transformation, and is il- 
lustrated by the last two graphs in Figure [21 

Star-Mesh transformation: An n-star shaped graph ( i.e. n edges with one common 
point whose other end points are of valence 1) can be transformed into a complete graph of 
n vertices (which does not contain the common end point) so that all resistances between 
the remaining vertices remain unchanged. A more precise description is as follows: 
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Let Li, L2, ■ ■ ■ , L„ be the edges in an n-star shaped graph T with common vertex p, where 
Li is the length of the edge connecting the vertices and p (i.e., the resistance between 
the vertices qi and p. The star-mesh transformation apphed to F gives a complete graph 
on the set of vertices gi, ^2, ■ ■ ■ ,Qn with edges. Let Lij be the length of the edge 

n ^ 

connecting the vertices and qj in for any I < i < j < n. Then L^j = LiLj ■ \ —. 

k=i " 

When n = 2, the star-mesh transformation is identical to series reduction. When n = 3, the 
star-mesh transformation is identical to the Wye-Delta transformation, and can be inverted 
by the Delta- Wye transformation. When n > 4, there is no inverse transformation for the 
star-mesh transformation. Figure [3] illustrates the case n = 6. (For more details see [S] or 

For any given p and g in F, we say that an edge Cj is not part of a simple path from p to 
q if all walks starting at p, passing through Cj, and ending at g must visit some vertex more 
than once. Another basic principle of circuit reduction is the following transformation: 

The effective resistances between p and g in both F and F — Cj are the same if Cj is not 
part of a simple path from p to g. Therefore, such an edge Cj can be deleted as far as the 
resistance between p and g is concerned. 

For any real-valued, signed Borel measure ^ on F with /u(F) = 1 and |//|(F) < 00, define the 

function j^(x, ~ J Hi^^ v) '^/^(O- Clearly j^{x, y) is symmetric, and is jointly continuous 

in X and y. Chinburg and Rumely discovered in [CR] that there is a unique real-valued, signed 
Borel measure /i = Hcan such that j^{x,x) is constant on F. The measure //can is called the 
canonical measure. Baker and Rumely [BRj called the constant |i^(a;, x) the tau constant 
of F and denoted by r(F). In terms of spectral theory, as shown in the article [BRj . the tau 
constant t(F) is the trace of the inverse of the Laplacian operator on F with respect to fican- 
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Figure 4. Circuit reduction with reference to 3 points x, p and q. 

The following lemma gives another description of the tau constant. In particular, it implies 
that the tau constant is positive. 

\ f Q 2 

Lemma 2.4. |BR[ Lemma 14.4] For any fixed y in T, r(T) ~ ^ J (^'"(^)2/)) 

The canonical measure is given by the following explicit formula: 

Theorem 2.5. jCRl Theorem 2.11] Let T be a metrized graph. Suppose that Li is the length 
of edge Cj and Ri is the effective resistance between the endpoints of Ci in the graph F — Cj, 
when the graph is regarded as an electric circuit with resistances equal to the edge lengths. 
Then we have 

where 5p{x) is the Dirac measure. 

Corollary 2.6. |BR[ Corollary 14.2] The measure /Xcan the unique measure v of total mass 
1 onT maximizing the integral JJ.^^-pr{x,y) dh'{x)dh'{y). 

The following theorem expresses ^can in terms of the resistance function: 

Theorem 2.7. [BR| Theorem 14.1] The measure ^can{x) = ^Axr{x,p) + 6p{x) is of total 
mass 1 on F, which is independent of p eT . 

It is shown in |CR] that as a function of three variables, on each edge ix{p^ q) is a quadratic 
function of p, q, x and possibly with linear terms in |x — p|, |a; — g|, \p — q\ if some of p, 
q, X belong to the same edge. These can be used to show that jx{p,q) is differentiable for 
X G F\({p, q} U V^(F)). Moreover, we have jx{p, q) G Zh{T) for each p, q and x in F. 

For any x, p and g in F, we can transform F to an F-shaped graph with the same resistances 
between x, p, and g as in F by applying a sequence of circuit reductions. The resulting graph 
is shown in Figure HJ with the corresponding voltage values on each segment. Then by 
Figure m we have 

(2) 

r{p,x) = jp{x,q) + jx{p,q), r{q,x) = jq{x,p) + jx{p,q), r{p,q) = 3q{x,p) + jp{x,q), 

so 

A^r(p, x) = Axjp{x, q) + Axjxip, q), Axr{q, x) = Axjg{x,p) + Axjx{p, g), 

Axr{p, q) = Axjg{x,p) + Axjp{x, q) = 0. 

Using these formulas, we can express fican in terms of the voltage function in the following 
way: 
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^'i.p '■= (P' "31 ) 



PI 




T-e, 

/<ii 



Rai.P := jp_ (p. qi) 



Pi 




jq, (P' Pi) 



jp (Pi. qi) 



Figure 5. Circuit reduction of F — Cj with reference to p,, and p. 



Theorem 2.8. For any p,q eT, 2^can{x) = AJ.^{p, q) + 5q{x) + 6p{x). 



Proof. By Proposition 12.31 and Equation ([3]) , 




Hence, the resuh follows from Theorem 12 .71 



□ 



Let Cj G E{T) be an edge for which F — is connected, and let Li be the length of Cj. 
Suppose Pi and qi are the end points of Cj, and p G F — Cj. By applying circuit reductions, 
F — Cj can be transformed into a ^-shaped graph with the same resistances between pj, 
qi, and p as in F — Cj. The resulting graph is shown by the first graph in Figure [5l with 
the corresponding voltage values on each segment, where jx{y,z) is the voltage function 
in F — Cj. Since F — Cj has such a circuit reduction, F has the circuit reduction shown in 
the second graph in Figure [5l Throughout this paper, we will use the following notation: 
Ra,,,p ■= jpiip^Qi), Rbi,p ■= jqAPi^P)^ Rc„p ■■= jpiPhQi), and Ri is the resistance between pi 
and qi in F — Cj. Note that Rai,p + Rbi,p = Ri for each p G F. When F — Cj is not connected, 
we set Rbi,p = Ri = oo and Rai,p = if p belongs to the component of F — Cj containing pi, 
and we set Rai,p = Ri = oo and Rbi,p = if p belongs to the component of F — containing 
Qi- 

Another description of the tau constant is given below. 

Proposition 2.9. [REUj Let T be a metrized graph, and let Li be the length of the edge e,, 
for i G {1, 2, . . . , e}. Using the notation above, if we fix a vertex p we have 



Here, ifT — Ci is not connected, i.e. Ri is infinite, the summand corresponding to Cj should 



Proof. We start by fixing a vertex point p G V{T). By applying circuit reductions, we can 
transform F to the graph as in the second graph in Figure [5] when x G Cj. Then, applying 



r 




be replaced by 3Li, its limit as Ri 



oo. 
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parallel reduction gives 



/ \ \X -\- Rq, pjyLi X -\- Ri). p) 
r{x,p) = ' , ^ p — + Rc,,p- 

Li + Ki 

Thus, 



(5) —r{x,p) 



d , , r -L, 2a:+-R6. p Ra^,v f _ g jg connected, 



Li-\-R- 



dx 1 e, if r — Cj is disconnected, 

where e is +1 or —1, depending on which component of F — Cj the point p belongs to. 
By Lemma [2.41 

(6) riV) = 1 1 {^r{x,p)Ydx = \ [ {i/i^^P)Td^- 

Computing the integral after substituting Equation ([5]) into Equation gives the result. □ 
Chinburg and Rumely showed in |CRl page 26] that 

Remark 2.10. Valence Property of T(r) Let T be any metrized graph with resistance 
function r{x, y). The formula for riT) given in Proposition }^. iA is independent of the chosen 
point p G V^(r), where V{T) is the specified vertex set. In particular, enlarging V{T) by 
including points p G F with v{p) = 2 does not change t(F). Thus, t(F) depends only on the 
topology and the edge length distribution of the metrized graph F. 

Let F be a metrized graph with e edges. Then v{p) = 2e. This is the "Handshaking 

pey(r) 

Lemma" of graph theory. 

Remark 2.11. By Proposition \2. 9\ for any p and q in ^(F), 



(r,. -L- ~ 



iL, + R,y ^ ih + R,y • 

eie-B(r) eieE{r) 

Let F be a graph and let p G ^(F). If a vertex p is an end point of an edge e^, then we 
write Ci ~ p. Since one of Ra,,p and Rb^^p is and the other is Ri for every edge ~ p, 

Li{Rai,p ~ Rbi,p)'^ _ \^ LiR-i Li^Ra^^p — Rb 



l'^._L0.^2 ~ |'^._Lp.^2+ 



iLi + RiY f-^ {Li + RiY ^ (Li + RiV 

e^€E{^) aeEir) 

Lemma 2.12. Let T be a graph and p G V^(F). Then 

ELi{Rai,p — Rbi,pY _ 2 \ ^ LiR^ 1 \ ^ / \ ^ Li^Ra^^p — Rbi,p) 

(T.. -u ~~ rr . I i?.^2 + ~ Z^ Z^ 



{Li + RiY V (Li + Ri)^ V \ ^ {Li + Ri 

e^(iE{V) 
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Proof. By Remark 12.111 summing up Equation ([8]) over all p G V{r) and dividing hj v = 
#(F(r)) gives 



E 



(9) 




Each edge that is not a self loop is incident on exactly two vertices. On the other hand, 
Ri = Rai,p = Rb,,p = for an edge Cj that is a self loop. Thus, the result follows from 
Equation'©. ' □ 

It was shown in [BR', Equation 14.3] that for a metrized graph F with e edges, we have 

(10) -^m < t{t) < \m , 

Ibe 4 

with equality in the upper bound if and only if F is a tree. However, the lower bound is not 
sharp, and Baker and Rumely posed the following lower bound conjecture: 

Conjecture 2.13. [BRj There is a universal constant C > such that for all metrized 
graphs T, 

r(F) > C-i{r) . 

Remark 2.14. As can be seen from the examples and the cases we consider later in this 
paper, there is good evidence that C = 

Remark 2.15. [BRj // we multiply all lengths on T by a positive constant c, we obtain 
a graph F' of total length c ■ Then r(F') = c ■ t(F). This will be called the scale- 

independence of the tau constant. By this property, to prove Conjecture \2.13[ it is enough to 
consider metrized graphs with total length 1 . 



The following proposition gives an explicit formula for the tau constant for complete 
graphs, for which Conjecture 12.131 holds with C = 

Proposition 2.16. Let T be a complete graph on v vertices with equal edge lengths. Suppose 
V > 2. Then we have 



In particular, t(F) > ■^£{T), with equality when v = 5. 

Proof. Let F be a complete graph on v vertices. If = 2, then F contains only one edge ei 
of length Li, i.e. F is a line segment. In this case, Ri is infinite. Therefore, t(F) = ^ by 
Proposition 12.91 which coincides with Equation (fTTj) . Suppose f > 3. Then the valence of 
any vertex is f — 1, so by basic graph theory e = ^ and g = _ Since all edge 

lengths are equal, Li = for each edge Cj G E(r). By the symmetry of the graph, we 
have Ri = Rj for any two edges Cj and Cj of F. Thus Equation ([7]) implies that Ri = 
for each edge e^. Moreover, by the symmetry of the graph again, r(p,q) = for all 

distinct p, q E V{T). Again by the symmetry and the fact that Rai,p + Rb,,p = Ri, we have 
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R 



Rai,p = Rbi,p = for each edge Cj with end points different from p. Substituting these values 
into the formula for T(r) given in Proposition 12.91 and using Lemma [2. 121 gives the equality. 
The inequality r(r) > ^^(F) now follows by elementary calculus. □ 

For a circle graph, Conjecture 12.131 holds with C = j^. 
Corollary 2.17. Let T be a circle graph. Then we have t(F) = 

Proof. A circle graph can be considered as a complete graph on 3 vertices. The vertices are of 
valence two, so by the valence property of F, edge length distribution does not effect the tau 
constant of F. If we position the vertices equally spaced on F, we can apply Proposition l2.16l 
with V = 3. □ 

The following theorem is frequently needed in computations related to the tau constant. 
It is also interesting in its own right. 

Theorem 2.18. For any p, q and —1 < n G M, 

Proof. Note that jp(2;,g)"+^ G Zh(F) when -1 < n G M. 

{n + 1) jjyj^jpi.^^ (!)fjp{x, qTdx = -^jpi^^ ^^'dx^^^^^' qT^^)dx 



j jp{x, iT^^^xjpix, q), by Proposition O 



Then the result follows from the properties of the voltage function. □ 

We isolate the cases n = 0, 1, and 2, since we will use them later on. 
Corollary 2.19. For any p and q in T, 

J ^Ix-^^^^^' q)fdx = r{p, q), J i^jpix, q)fip{.x, q)dx = K{p, qf and 

Lemma 2.20. For any p,q,x ^ T, 

J ^■^''^^'^'^l^-^^^^'^'^^^ " / -^P^^'^)^^-^^*^^'^) = J 3x{v-,q)^xjp{x,q) = 0. 
Proof. Since A^. is a self-adjoint operator (see Proposition 12. 2p . 

jp{x, q)A^j^{p, q)= jxip, q)A^Jp{x, q) = jp{p, q) - jg{p, q) = 0, 



where the second equality is by Proposition 12.31 Also, by the Green's identity (see Proposi- 
tion[22]), f^jxip, q)AJp{x, q) = /p £jp{x, q)£jx{p, q)dx. This completes the proof. □ 

Now we are ready to express the tau constant in terms of the voltage function. 
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Theorem 2.21. For any p,q eT, t{T) = j fY^i^jxiP, q)Ydx + \r{p, q). 
Proof. For any g G F, we have 

(— r(p, x)) (ix, by Lemma 12 .41 
= / r(p, a;)Ai.r(p, x), by the Green's identity; 

r(p, x)A^j^{p, q) + r(p, g), since r{p,p) = 0; 

= j Uxip, q) + ip{x, q))A^j^{p, q) + r(p, g), by Equation ([2]); 

= j (-J^3x{p, q)fdx + y" g)A^jp(a;, g) + r(p, g), by Proposition [221 

= I {-r3x{p,q)fdx + r{p,q), by Lemma EM 
Jy dx 

This is what we wanted to show. □ 

Since jx{p,p) = r{p,x) and r{p,p) = 0, Lemma [23] is the special case of Theorem 12.211 
with q = p. 

Suppose F is a graph which is the union of two subgraphs Fi and F2, i.e., F = Fi U F2. If 
Fi and F2 intersect in a single point p, i.e., Fi fl F2 = {p}, then by circuit theory (see also 
|BF| Theorem 9 (ii)]) we have r{x,y) = r{x,p) + r{p,y) for each x e Fi and y G F2. By 
using this fact and Corollary 12.41 we obtain t(Fi U F2) = t(Fi) + t(F2), which we call the 
''additive property" of the tau constant. It was initially noted in |REUj . 

The following corollary of Theorem 12.211 was given in |BR[ Equation 14.3]. 

Corollary 2.22. Let T be a tree, i.e. a graph without cycles. Then, t(F) = 

Proof. First we note that for a line segment /3 with end points p and q, we have that r{p, q) = 
It is clear by circuit theory that jx{p, <?) = for any x G where jx{y, z) is the voltage 
function on (3. Therefore, t{(3) = by Theorem 12. 21[ Hence the result follows for any tree 
graph by applying the additive property whenever it is needed. □ 

Thus, Conjecture 12.131 holds with C = | for a tree graph. 

Corollary 2.23. Let T be a metrized graph, and let -Ei(F) = {cj G E{r)\ei is a bridge}. 
Suppose F is the metrized graph obtained from F by contracting edges in Ei{T) to their end 
points. Then r(F) = r(F) + 

Proof. If EiiT) 7^ 0, we successively apply the additive property of the tau constant and 
Corollary 12.221 to obtain the result. □ 

By Corollary 12. 23^ to prove Conjecture 12. 13^ it is enough to prove it for bridgeless graphs. 

Theorem 2.24 (Baker). Suppose all edge lengths in a metrized graph F with £(F) = 1 are 
equal, i.e., of length \. Then r(F) > ]^(f)^- In particular. Conjecture \2.13\ holds with 
C = if we also have v{p) > 3 for each vertex p G V^(F). 
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Proof. By Corollary 12.231 the scale-independence and the additive properties of t(T), it will 
be enough to prove the result for a graph F that does not have any edge whose removal 
disconnects it. Applying the Cauchy-Schwarz inequahty to the second part of the equality 

(12) E ttttV^ - ( E ^ 



(Li + i?,)^ ~ ^ ^ Li + Ri 



We have 



r(r) > — J2 /r. 'p.N2 ' by Proposition EU 



12 ^„jLi + i?,)2^ 



e,G£;{r) 

E rfa)'- by Equation C3i 



e,eE(r) 

12 



(~ L~+~R^) ' edge lengths are equal; 



1 /^x2 



e^eE(T) 

by Equation ([7j). 



12 

This proves the first part. If v{p) > 3 for each p G V^(r), then we have e > 1^; by basic 
properties of connected graphs. Thus g = e — v + l>e — ^e + l>^. Using this inequality 
along with the first part gives the last part. □ 

In the next theorem, we show that Conj ect ure 12.131 holds for another large class of graphs 
with C = ^. First, we recall Jensen's Inequality: 

For any integer n > 2, let G (c, d), an interval in M, and h > for alH = 1, . . . , n. If / 
is a convex function on the interval (c, d), then 



The inequality is reversed, if / is a concave function on (c, d). 

Theorem 2.25. Let T he a graph with £(F) = 1 and let L^, Ri he as hefore. Then we have 
'?"(r) > ' ^''^ particular, if any pair of vertices pi and Qi that are end points 

of an edge are joined hy at least two edges, we have t(F) > ^. 

Proof. Let hi = Li, ai = Li±E±_^ an^i j(^x) = ^ on (0,oo). Then applying Jensen's inequality 
and using the assumption that Yli^i — ^(T) = 1, we obtain the following inequality: 

Then the first part follows from Proposition 12.91 Equation (fT2|) . and Equation (fT3l) . Under 
the assumptions of the second part, we obtain Yliei&E{T) — X]eie-B(r) Li = I hj applying 
parallel circuit reduction. This yields the second part. □ 
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Figure 6. T and T 



• DA,A 



Additional proofs of Equation ( fT3i) can be found in |Cll page 50] . 
Theorem 2.26. Let T he a metrized graph with £(r) = 1. Then we have 




Proof. We have £{r) = 1. Hence, by Cauchy-Schwarz inequality 






□ 



The following theorem improves Theorem 12.241 slightly: 
Theorem 2.27. Suppose all edge lengths in a graph T with £{T) = 1 are equal, i.e., of length 



Since U = \ for each edge e^, Ee,Gi?(r) T^k = ^^e,ei?(r) = V by using Equa- 



tion ([7]). Therefore, the result follows from Proposition 12.91 and the proof of Theorem 12.241 



In the next section, we will derive explicit formulas for the tau constants of certain graphs 
with multiple edges. 

3. The tau constants of metrized graphs with multiple edges 

Let r be an arbitrary graph; write E{T) = {ei, 62, ... , Ce}. As before, let Li be the length 
of edge Cj. Let r^"^'", for a positive integer n > 2, be the graph obtained from F by replacing 
each edge Cj e E{T) by n edges Cj^i, ei,2, • • • , ei,„ of equal lengths ^. (Here DA stands for 
"Double Adjusted".) Then, V{T) = l^(F^^'") and £(F) = £(F^^'")" We set F^^ := F^^'^. 
The following observations will enable us to compute t(F^'^'") in terms of t(F). 

We will denote by Rj(T) the resistance between end points of an edge cj of a graph F 
when the edge Cj is deleted from F. 

Figure [6] shows the edge replacement for an edge when n = 4. A graph with two vertices 
and m edges connecting the vertices will be called a m-banana graph. 

Lemma 3.1. Let (3 he a m-hanana graph, as shown in Figure^ such that Li = L for each 
Ci G (3. Let r{x, y) he the resistance function in (3, and let p and q he the end points of all 
edges. Then, r{jp,q) = ^. 



i. Thenr{T)>Ul? + lS-^y- 



Proof. It follows from Lemma 12.121 and Theorem 12.261 that 




□ 
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p« cq 



Figure 7. Circuit reduction for a banana graph. 




Figure 8. Circuit reduction for r^^'" with reference to an edge and a point. 
Proof. By parallel circuit reduction, = J2T=i T ~ T- Hence, the result follows. □ 



Remark 3.2. If we divide each edge length of a graph T, with resistance function r{x,y), 
by a positive number k, we obtain a graph with resistance function "^^^^^ , 

Corollary 3.3. Let r{x,y) and r"-{x,y) be the resistance functions in T and F^"^'", respec- 
tively. Then, for any p and q G ^(F), r"(p, q) = 

Proof. By using Lemma [STTl every group of n edges ej^i, ej_25 • • • , Cj^^, in i?(F'^^''^), corre- 
sponding to edge Ci G E{T) can be transformed into an edge e-. When completed, this 
process results in a graph which can also be obtained from F by dividing each edge length 
Li by n^. Therefore, the result follows from Remark 13.21 □ 

Theorem 3.4. Let F be any graph, and let Y^^'^ be the related graph described before. Then 

^(^DA^n. _ rjr) ^(r).n-l 2 n-1 ^ Lj 

Proof. Let jo be a fixed vertex in ^(F) = 1/(F^'^'"). Whenever x G e^j for some j G 
{1,2,..., n}, we can transform the graph r^"^'" to the graph as shown in Figure [8] by using 
Corollary 13.31 Corollary 13.31 and circuit reduction for F — e^. (Here i?aj,p, -Rfe^^p and i?c,,p are 
as in Proposition 12.91 and so i?ai,p + -Rfe^^p = -Ri-) 

In Figure El we have a = ^"'^^J^^'^ , b = ^'''^2^ , c = A is the edge eij of length 

and d = ^^ty)- Then, by using a Delta- Wye transformation followed by parallel circuit 
reduction, we derive the formula below for the effective resistance between a point x G Cij 
and p, which will be denoted by r"(x,p). 

('\A\ ^"(-^ r,\ — V a+b+d/\n a+b+d/ , i „ 

n a+b+d 



THE TAU CONSTANT OF A METRIZED GRAPH AND GRAPH OPERATIONS 



15 




Figure 9. T ^ T^^, doubling the edges. 

By using Corollary | 



(15) 4 



Ti V — \ f ^ f d \ 

— 2, / ( -i~''^{^iy) ) '^2;, by symmetry within multiple edges. 

e,e£;(r)-^o ^ 

This integral was computed using Maple, after substituting the derivative of Equation ([1 
and the values of a, h and d as above into Equation f|T5l) . Let 

li .= I —r{x,y) j dx, and let 



Then, via Maple, ^/j = Jj. Inserting this into Equation f[T5|) and using Proposition 12. 9[ we 
see that t{T^^''"-) = X]eiG-B(r) "^i- '^'^^^ yields the theorem. □ 

In we will give a far-reaching generalization of Theorem 13.41 

Corollary 3.5. Let T be a graph. Then, 

^ ^ A AS 2A ^ Li + Ri 

r(r) , ^(r) 



^ ' Q ' 97 97 Z-^ 



9 27 27 ^ Li + Ri 
Proof. Setting n = 2 and n = 3 in Theorem 13.41 gives the equalities. □ 

Corollary 3.6. Let T he a banana graph with n > 1 edges that have equal length. Then, 

r(T) = I ^(^-1.2 ^ m n'-2n + A ^ £(£) 

^ ^ 4n2 12 ^ n ^ 12 " 16 ' 

Proof. Let /3 be a line segment of length e(T). Since Ri{P) = 00, r(/?^^'") = ^ + 
^(^)^ + by Theorem [331 On the other hand, we have = L, e{(3) = £(r), and 

r(/9) = since /3 is a tree. This gives the equahties we want to show, and the inequality 
follows by Calculus. □ 
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Figure 10. Division into m = 3 equal parts. 

By dividing each edge Cj G -E'(r) into m equal subsegments and considering the end points 
of the subsegments as new vertices, we obtain a new graph which we denote by F™'. Note that 
F and F"* have the same topology, and i(T) = £(F"), but #(^(F™)) = m ■ #(-B(F)) = m-e 
and #(\/(F"^)) = #(y(F)) + (m- 1) ■ #(E(F)) = v + {m-l)-e. Figure [TD] shows an example 
when F is a line segment with end points p and q, and m = 3. 

Suppose an edge Cfc e E{T"^) has end points pk and qk that are in V{T"^). To avoid 
any potential misinterpretation, we will denote the length of by Lfc(F™). Likewise, the 
resistance between pk and qk in F™ — will be denoted by i?fc(F'"). 

Lemma 3.7. Lei T be a graph, and F"* 5e as defined. Then the following identities hold: 

(i) V ^fe^^"")^ = — V 

efce£;(r™) ^ ^ e,;e£;(r) 

Lfc(F'")3 1 ^ Lf 



(Lfc(F™) + i?fc(F'"))2 m2 ^ (Li + R,y' 
Lfc(F'")i?fc(F") 1 ^ L,Ri 

Proof. Proof of part (i): Note that subdivision of an edge in i?(F) results in m edges in 
E{r"^). If Cfc G i?(F''") is one of the edges corresponding to an edge Cj G -E'(F), then we have 
Lfc(F-) = ^ and i?fc(F™) = + R,. Therefore, L,(F-) + i?,(F-) = + i?, giving 

i:fc(r™)2 / 1 L2 X 1 ^ 



^ Li-fF"^) + /?A.('F'") ^ Vm2 ^ L, + RJ m ^ 



The proofs of parts {ii) and {Hi) follow by similar calculations. □ 
Theorem 3.8. Let T he a graph, and let F™' he as ahove. Then, 

^//pmNDA.m _ £(F). n-1 .2 Tl-l Lj 

Proof. Applying Theorem 13.41 to F™ gives 

, , wrF-^^^'«i = I^Q + ^rI^^' + I^ V 

^^"^ ^ ^ n2 12 ^ n ^ 6n2 ^ LJT^) + RkiT^V 

Since ^(F'") = ^(F) and r(F'") = 'r(F), the result follows from part (z) of Lemma [3.71 □ 

Example 3.9. Let F he the circle graph with one vertex, and let F™ he as ahove (see also 
Figure^- Since r(F) = ^ and Y^e.^^iv) iSm = r((F'")^-^'") = (^^^^ + 

|^)£(F) 6?/ using TheoremlEE In particular, we have r((F")^^) = ^^{T) + ^i{T). 
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Figure 11. Circle graph, circle with multi vertices and the corresponding 
double graph. 

Lemma 3.10. Let T be a graph. The following identities hold: 



n {nLi + (n - l)Ri) 



Proof. The proof of (i): By the proof of Theorem 13.41 with its notation a, b, d, 

. ni n -I- n\ ~ 



^DA,n\ _ '^(^ + ^) _ n(n-l) J _ 1 LiRi 



d + a + b + f n (nL^ + (n - l)Ri) ' 



The proof of (ii): By using part (z) 



Then the result follows. □ 
Theorem 3.11. Let V be a graph with £(r) = 1. Suppose T(r^^'") > ^{^^f ■ Then 

Proo/. By Theorem ESI r(r) = ^^(r^^'") - - ^Ee.Gi?(r) I"!^- On the other 

hand, by the proof of Theorem E^l r(r) > ^(Ee,e£;(r) 1^) • Let x = Ee,Gi?{r) CTI 
and ?/ = r(r); then we have 



2 



, , 3n-2 2 n-l^ ri - 1 , x 

18 y > ^ - X and y> —. 

^ ' ^ - 108 12 6 ^ - 12 

The line and the parabola, obtained by considering inequalities in Equation (ITSl) as equalities, 
in plane intersect at x = | and ?/ = y58' ^i^^^^ n > 1. Hence, ( IT8|) implies the result. □ 

Corollary 3.12. Let V be a graph with 1{V) = 1. If t{T^^) > ^ or r(r^^'3) > then 

Proof. The result follows from Theorem 13.111 □ 
In section §11 we will give far-reaching generalizations of Theorem 13.41 and Theorem 13.81 



18 



ZUBEYIR CINKIR 



4. The tau constant and graph immersions 

In this section, we will define another graph operation which will be a generalization of 
the process of obtaining Y^^'"- from a graph T as presented in ^ Let r{x,y) and r^{x,y) 
be the resistance functions on F and Y^^'^, respectively. First we reinterpret the way we 
constructed F^"^'" in order to clarify how to generalize it. 

Given a graph F and a n-banana graph /3„ (the graph with n parallel edges of equal length 
between vertices p and q) we replaced each edge of F by f3n,i, a copy of (3n scaled so that each 
edge had length riLj. Then, we divided each edge length by to have i{T^^'^) = £{T). In 
this operation the following features were important in enabling us to compute t(T^^'"') in 
terms of t(F): 

• We started with a graph F and a graph /3„ with distinguished points p and q. 

• We replaced each edge of F by (3n,i, a copy of scaled so that ri3^ .{p, q) = L^. 

• After all the edge replacements were done we obtained a graph which had total length 
n^£(F). We divided each edge length of this graph by to obtain Y^^'"-, so that 

£(r^^'") = £(r). 

• We kept the vertex set of F in the vertex set of F^^'", ^ (F) = V^T^^'"-) and for any 
p, q in V{T), we had r"(p, q) = ^-^j^. 

Now consider the following more general setup. 

Let F and /3 be two given graphs with £{T) = £(P) = 1. Let p and q be any two distinct 
points in (3. For every edge G E(T), if e, has length Lj, let (3i be the graph obtained from 
P by multiplying each edge length in P by ^^^^ where rp^x^y) is the resistance function in 

p. Then (.{Pi) = , and if rf3^{x,y) is the resistance function in Pi, then rfs^{p,q) = Lj. 

For each edge G -E'(F), if has end points Pi and ^j, we replace by Pi, identify Pi with 
p and qi with q. (The choice of the labeling of the end points of Cj does not change the 
r-constant of the graph obtained, as the computations below will show clearly. However, we 
will assume that a labeling of the end points is given, so that the graph obtained at the end 
of edge replacements will be uniquely determined.) This gives a new graph which we will 
denote F ★ Pp q, and call "the full immersion of P into F with respect to p and g" (see Figure 
US]). Note that 

Having constructed F*/?p_g, we divide each edge length by £(F*/?p^q), obtaining the normalized 
graph (F^/5p,,)^, with £{{T ^ P^^,)'') = 1 = £{T). 

Our goal in this section is to compute t((F -k Pp g)^). We begin with some preliminary 
computations which will also be useful in later sections. 

Notation. Define Ap^g^r ■= Jr jx{p,q){-£jp{x,q)Ydx. 

Note that ^p,5,r > for any p, q G F. The importance of ^p,g,r "will be clear when we 
examine its relation to t(F) in later sections. In some sense it is "the" basic hard-to-evaluate 
graph integral, and many other integrals can be evaluated in terms of it. 

Remark 4.1 (Scaling Property for Ap^g^r)- Let T be a graph and let P be a graph obtained by 
multiplying length of each edge in E(r) by a constant c. Then i{P) = c£(F), V{P) = V^(F), 
if (P, q) = cjx{p, q), and Ap^g^p = c^Ap^g^r for any p and q in V{T). 
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Remark 4.2. For any p, q and x eT, ■£:jp{x,q) = ~--^jg{x,p), since r{p,q) = jp{x,q) + 
jq{x,p)- 

Theorem 4.3. For any p, q eT, the following quantities are all equal to each other: 

Proof, (i) and (ii) are equal: 

jx{p, q)A.^{jp{x,q)jg{x,p)) = j j^{p,q)(jg{x,p)Ajp{x,q) + jp{x,q)AJg{x,p) 
d , , d 



~ '^dx-^^^^^'^'^dx-^'^^^'-^''^^'' Theorem Em 



jx{p,q)jq{x,p){6q{x) - 6p{x)) + / jx{p,q)jp{x,q){6p{x) - 6q{x)) 
r Jr 

/d d 
jx{p, q)-^jq{x,p)dx, by Proposition EJl 

jq{p, q)jq{q,p) - jp{p, q)jq{p,p) + jp{p, q)jp{p, q) - jq{p, q)jp{q, q) 

r (I 

+ 2 / jx{p,q){-rhi^^l)ydx, byRemarkSSl 
Jr dx 

/d 
jx{p, q) fdx, since jg{p, g) = = jp{p, q); 



2A 



(ii) and (iii) are equal: This follows from the self-adjointness of A^., see Proposition 12.21 

(iii) and (iv) are equal: 

^ Jpix,q)jqix,p)AJ^{p,q) = ^ [ ^[jpix,q)jg{x,p)]-^j^{p,q)dx 



2 2 J^dx"--"'' ''dx 

1 f d 
2 



/ f^-^^*'^' ^■^"^^^ c^-^^*-^' ~ Remark S? 

\ J Ix^""^^'' ^^Ix^^^^' ~ '^hi^^ ?)] dx 

rip,q) f d_.^^^^^^d ^ ^^^^^^^ _ I j (^^^^~^dj^i^p^q)^j (^x,q)dx 



2 dx dx Jy dx dx 

f d d 

J byLemma[22Ql 
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Figure 12. Diamond graph. 

(iv) and (v) are equal: 

- J jpix, (l)^jpi^^ <l)-^jxip, q)dx = - J [r{p, q) - jgix,p)] ^jpi^, q)^jxip, q)d 

/d d 
'^^d^^''^^' Lemma OOi 

(i) and (vi) are equal: By Equation ([2]), 

^P,g,r= I jxip,q)i-^jp{x,q)Ydx = [ {r{p,x) - jp{x,q)){-^jp{x,q)Ydx. 



dx J p dx 

Hence the result follows from Corollary I2.19[ □ 

Example 4.4. Let T be the graph, which we will call the "diamond graph", shown in Figure 
UR Assume the edges {ei, . . . ,65} and the vertices {a, b, p, q} are labeled as shown. Let 
each edge length be L. By the symmetry of the graph, edges ei, 62, 63 and 64 make the 
same contribution to Ap,q,r- After circuit reductions and computations in Maple, we obtain 
that jp{x,q) is constant on 65, where jx{y,z) is the voltage function in T. (Alternatively, 
jp{a, q) = jp{b, q) by the symmetry again, so jp{x, q) must be constant on e^.) Therefore, 

d C d 



Ap,g,r = J jxip,q)i^jpix,q)) dx = A J jxip, q)i-^jpix, q)) dx. 
Using circuit reductions and computations in Maple, one finds 4^jp{x,q) = ^ and jx{p, q) 



2 

Ei^ki^^ Evaluating the integral gives ^p,5,r = 

Proposition 4.5. Let T be a tree. Then, for any points p and q in T , ^p,g,r = 0. 



Proof. Let jx{y, z) be the voltage function in V. Let Cj G E{V). If Cj is not between p and g, 
then -^jp{x, q) = for all x G Cj. If Cj is between p and q, then jx{p, q) = for all x G Cj. 
Therefore, jxip, q)i-^jp{x, q)Y = for every x G F. This gives, by definition, Ap^g^r = 0. □ 

The following proposition is similar to the additive property of r. 

Proposition 4.6 (Additive Property for Ap^q^r)- Let T, Fi and F2 be graphs such that 
F = Fi U F2 and Fi fl F2 = {y} for some y G F. For any p G Fi and q G F2, 

^p,q,r = ^p,j/,ri + ^y,q,r2- 

Proof. Let jx{p, q), jl{p, q) and q) be the voltage functions in F, Fi and F2 respectively. 
For any x G Fi, after circuit reduction, we obtain the first graph in Figure [131 Note that s 
is independent of x, so ^(s) = 0. Also, jx{p,q) = jl{p,y)- 
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Figure 14. Circuit reduction for T -k j3p^q with reference to g, y, and x. 

Similarly, after circuit reduction, for any x G r2 we obtain the second graph in Figure fT3l 
Note that 5" is independent of x, so = 0. Also, jx{p,(l) = ixip^u)- Thus 



^ jliP,q)i^ji{x,q)fdx + J^ jl{p,q){^il{x,q)fdx. 

Then the result follows from the definitions of ^p,?/,ri and Ay^q^Y2- D 

The following theorem gives value of r((r*/5p g)^) in terms of r(r), r(/?), r^(p, q) and two 
other constants related to F and (3. 

Theorem 4.7. Let F and (3 he two graphs with 1{V) = = 1, and let p and q be two 
distinct points in V{(3). Let rp{x,y) he the resistance function on (3. Then, 

r,r . ^ r(,3) - . .MP, ,).(r) . Am. ^ 

Proof. We will first compute r(F -k Pp^q). Let y be a fixed point in the vertex set V(T) and 
let r{x, y) be the resistance function in F * Pp^q. Then, by Corollary 12.41 

(20) ^(^^^-) = iL (^^^"'^^)'^^ = i ^ / 

Consider a point x G By carrying out circuit reductions in (3i and in F — gj, we obtain a 
network with equivalent resistance between the points x, p, q, y as shown in Figure [141 Note 
that in this new circuit, the existence of the part with edges d, f and h depends on the fact 
that y, being a point in V(T), belongs to F — Cj. It is possible that y = p or y = q, in which 
cases some of the edge lengths in {d, f, h} are 0. It is also possible that F — Cj is disconnected, 
in which case d or f will be oo. Let j^^{y, z) be the voltage function in /?j and Rai,y, Rbi,y, 
Rci,y be the voltages in F — Cj, using the same notation as in Proposition 12.91 Then the 
resistances in Figure [TH are as follows: a = j^^{p,q), b = jp^{x,q), c = jg^{x,p), f = Rai,y, 
d = Rbi,y, h = Rci,y Note that the values in the figure are results of our conditions on j3i and 
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the replacements that are made. Note also that b + c = rp.{p, q) = Li and J + rf = so as x 
varies along an edge of we have -^h = — ^c. Since rf3.{p, q) = Lj for each ej E E{T — ej), 
r ★ I3p^q can be transformed to the circuit in ^ 
By applying parallel reduction, 



r{x, y) = a + 

Therefore, 
d 



b + c + d + f 



+ h = £^{p,q) + 



Li + Ri 



+ R. 



I N d .f^ fq{x,p) + Rl,^^y d .p j^'{x,q) + Ra,,y d .f^ 



Since £j^'{x,p) = -£j^'{x,q) and j^'{x,q) + j^'{x,p) = Li 



dx-Jp 



d , . d , Li-2j^^{x,q)+Rb^^y-Ra,^y d 
^r(x, y) = -/Ap, <i) + ^-^^^ 



Thus, 



+ 



d 



(— r(x,2/)) dx= I {^£'{p,q)) dx + 



Pi 



dx" 



Li + Rh,.y — R. 



■bi,y ^ai,y 



Li + Ri 



d 



(21) 



+ 2 



(L, + R,y 

Li + Rbi,y ~ Lia^^y 



[3p{x,q)—j^^{x,q)\ dx 



Li + Ri 



-^jxiP^(l)^jpix,q)dx 



Li + R 

_ ■ -^i + Rbi,y ~ -^gj.y 

(i^^ + RiY 
On the other hand, we have 



/3> 



ft 



ft 



By Corollary Eia 

By Corollary EH 

(22) By Lemma [21201 / {p, q) (x, q)dx = Q. 

Jp. dx dx 

f d d 

By Theorem KM 3p {x, q) {p, q) — j^' (x, q)dx = -A^^^^p^ . 

jpix,q)[^j^'ix,q)Ydx = ^{rpXp^q))^- 



By Corollary [2l9l 
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Substituting the results in Equation fl22l) into Equation fl2T|) . and recalling r/s^{p,q) = Li, 
gives 



{^r{x,y)Ydx = ^ {-^jj^'ip, q)Ydx + 



Li + Rbi,y ~ Rai, 



Li + Ri 



(23) 



+ 



4L? 



+ 



4A 



3(Li + R,Y Li + i?. 



-4 



-^i + -Rf)i ,1/ ~ Rai ,y Li 



d .x2, L^ + 3Li{Rb^^y - Ra^^yY , 4Ap,5,/3^ 



(Li + 2 



3(L, + i?,)2 



+ 



By applying Theorem 12.211 to we obtain 



d 



ft 



(^if'(p, g)) rfa; = 4r(A) - r^,(p, q) = 4r(A) - 



Substituting this into Equation (l23i) and summing up over all edges in E(T) gives 

L 

eieE(r) ei£E(r) e,eE{r) 



E / {^rix,y)Ydx = 4 -(A)- E + ^ E 



e,G-E;(r) 



Li + i?j 



(24) 



- E 

e,G£{r) 



Lf + 3Li{Rh^y — Ra^ 



{Li + Ri 



4 E -(/^^) -1 + 4 E #^ + 4r(r). 



eiG£;(r) 



e»G£;(r) 



Lj + Ri 



The second equality in Equation ( 12^ follows from Proposition 12.91 By using Remarks (12.151) 
and (14. ip and the fact that £(/9j) = ^-^ , we obtain 



(25) 



r(A) 



Li 



-t{P), and 



P.9:ft 



Li 



r/sip^q) 



r^ip, q) 

Substituting the results in Equation (125|) into Equation (l2ll) gives 
(26) 



4A 



e,6£;(r) 



e«e£;(r) 



e,G£;{r) 



Substituting Equation (126!) into Equation (120|) gives 
(27) 



^(r * Pp,g) = rrrrv + -(r) - 7 + 



'^/^(p, q) 



E 



4 (r,(p.,)P^^^^,L< + ft 



Since i{T -k [3p^q 



r/3{p,q) 



by Equation (1T9|) . for the normalized graph (F ^ (3p^q) we have 



+ 



E 



This is what we want to show. 



□ 
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Theorem 4.8. Let T be a normalized graph. Let r{x, y) be the resistance function on T, and 
let p and q be any two points in T. Then for any e > 0, there exists a normalized graph T' 
such that 

r(r')<r(r)-r(p,g)(^-r(r))+e. 

In particular, if Conjecture \2.13\ holds with a constant C , then there is no normalized graph 
(3 with t{(3) = C. 



Proof. Let F*" be the graph defined in ^ Then by Lemma 13.71 

Fix distinct points q in F. Equation (128|1 and Theorem 14.71 apphed to F'" and F give 

(29) -((r'"*r„n^.(r)-.(p,,)(i-.(r)) + -^ J] 

Ay L^ 

Since Z''^' y ^ — is independent of m, we can choose m large enough to make 

r[p,q) Li + Ri 

A r L^ 

^ — r- } - — < e for any given e > 0. Then taking F' := (F™ -k F.p„)^ gives the 

m-r{p, q) ^ Li + Ri 

inequality we wanted to show. 

Suppose Conjecture 12.131 holds with a constant C and that is a normalized graph with 
r(/3) = C. Then we have t[(3) < ^ since t(F) = ^ for the normalized circle graph F 
by Corollary 12.171 Thus, | — r(/3) > 0. Let p and q be distinct points in /3, and let 
/3' := -k (3p^q)^ . For sufficiently large m, we have r(/3') < r(/3) by the inequality we 
proved. This contradicts with the assumption made for (3. This completes the proof of the 
theorem. □ 

The proof of Theorem 14.71 suggests a further generalization of Theorem 14.71 as follows: 
Let F be a graph with £(F) = 1 and e edges. For each i = 1,2, ... ,e, suppose (3^ is a 
graph with = 1. Let Pi and be any two distinct points in and let rf^i{x,y) be 

the resistance function in ff. By multiplying each edge length of /3* by — — r we obtain 

^pi \Pi Ai) 

a graph which will be denoted by /^j. Note that = ^ and r/3^{pi,qi) = Li, where 

r^-(x, y) is the resistance function in (3i. We replace each edge of F with Pi and identify the 
end points of Cj G E{T) with the points Pi and qi in Pi so that the resistances between points 
in ^(F) do not change after the replacement. When edge replacements are complete, we 
obtain a graph which we will denote by F * {p^^ g^ ^ /^P2,g2 ^ ' ' ' ^ /^P.,9e) or by F * 17^=1 P'pi,q^ 
for short (see Figure [16]) . Clearly, 

(30) ^i^-m.J= E m)= E 

^''^ '^'^^ - ^^^^^^ - (^)^^--- 
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Let r{x, y) be the resistance function in F. For any fixed y G V{r), we can employ the same 
arguments as in the proof of Theorem 14.71 Therefore, Equation gives 

(32) E I (^K...))=^.^-H-4 E -(ft) +4 ^ ^.MD. 



Substituting Equations ( 13111 into Equation (1321) gives 



Using Equation ( l20l) and Equation ( l33i) gives 



By using Equation (1301) . we can normahze r^]^/^*. g.. In this way, we obtain the following 

i=l 

theorem. 

Theorem 4.9. Suppose T is a normalized metrized graph with ^{E{T)) = e. Let be 
a normalized metrized graph, and let Pi and q-i he any two points in E{j3^) for each i = 
l,2,...,e. Then 

r((r-)cT\(^^ \^ = T(r) ^ I r LiT{P') -^Mp.,g»,/3' 

Corollary 4.10. Let F and (3^, . . . , P'^ be as before. For each z G {1,2,..., e}, if there exist 
points Pi and qi in /5* such that rp^^pi^qi) = r, where rp.{x,y) is the resistance function in 
(3\ then 



4 ^ ' ^' ' r ^ Li + R 



-A 



Proof. Setting rp^{pi,qi) = r in Theorem 14.91 gives the result. □ 

Corollary 4.11. Let F and (3 be two normalized graphs and let ^(i?(F)) = e. Let rp{x,y) 
be the resistance function in p. For any pairs of points {pi, gi}, {p2, • • • , {Pe, qe} in [3, 



r{{r^fl f3,.,,f) = t{(3) + 

Proof. Setting = /3 in Theorem 14.91 gives the result. □ 



4 ^^f^^^^{L, + R){r^{p„q,)y 



5. The tau constant of the union of two graphs along two points 

Let Fi U F2 denote the union, along two points p and q, of two connected graphs Fi and 
F2, so that Fi n F2 = {p, q}. Let r(x, y), ri(x, y) and r2(x, y) denote the resistance functions 
on Fi U F2, Fi and F2, respectively. Note that ^(Fi U F2) = £(Fi) + £(F2). 
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Figure 15. r, /3 and r * HLi /^P.,9r 




Figure 16. F (edges are numbered), /5* (z = 1, ■ ■ ■ , 6) with corresponding p 
and g, and F ^ n!=i /^p„g.- 

Theorem 5.1. Let p, q, ri{p,q), r2{p,q), Ti, F2 and r(Fi U F2) be as above. Then, 

r(F, U F2) = r(FO + r(F2) - f^^^' + "^^'^'^^ + ^^'^'^^ 



6 ■ ri(p,g) +r2(j9,g) 

Proof. Let F be the circle graph with vertex set {p, q}, and with edge lengths Li = (J'^y^'^l(^p 
and L2 = ri{p "q)+rl{p q) - '^^ ~ ''^i' ^"^^ ^"^ ~ '^2- Then the result follows by computing 
"^((r * nLi applying Theorem gJl 

A different proof of Theorem 15.11 can be found in [Cll page 96] . 
Corollary 5.2. Suppose F := Fi = F2 in Theorem \5.1[ Then, ri{x,y) = r2{x,y) and 

r(F U F) = 2r(F) - '-^^ + ^-'^ 



□ 



ri{p,q)' 

Proof. Since F := Fi = F2, clearly, we have ri{x,y) = r2{x,y), r(F) = r(Fi) = r(F2) and 

The following corollary of Theorem 15.11 shows how the tau constant changes by deletion 
of an edge when the remaining graph is connected. 

Corollary 5.3. Suppose that T is a graph such that F — Cj is connected, where Ci G E{r) is 
an edge with length Li and end points pi and qi. Then, 

Li Ri Ap.^q.^Y-ei 



r(F) = r(F - e,) + - + 



12 6 Li + Ri 

Proof. Let Fi := Cj and F2 := F — e^. Therefore, t(Fi) = -j- by Corollary l2.22[ ri{pi, q^) = Li, 
r2{pi,qi) = Ri, and Ap-^^-^n = by Proposition 14.51 Then by Theorem 15. Ij we have r(F) = 
r(F - Ci) + ^ - ULi + Ri) + . This gives the result. □ 



THE TAU CONSTANT OF A METRIZED GRAPH AND GRAPH OPERATIONS 27 

Corollary 5.4. Suppose that T is a graph such that T — Cj, for some edge Cj G E{r) with 
length Li and end points Pi and Qi, is connected. For the voltage function jl.{y, z) inT — Ci, 



Li + Ri 



Proof By Theorem [MD t{T - a) = ^ J^_^^i£jUPi^ qi)fdx + ^. Substituting this into the 
formula of Corollary 15.31 one obtains the result. □ 



Note that Corollary 15.41 shows that the tau constant t{V) approaches (the tau constant 
of a circle graph) as we increase one of the edge lengths and fix the other edge lengths. 

One wonders how t{T) changes if one changes the length of an edge in the graph F. 
Lemma [5.51 below sheds some light on the answer: 

Lemma 5.5. Let T and V he two graphs such that F — Cj F' — e- are connected, where 
Ci G -E'(F) is of length Li and has end points pi, qi and G E(T') is of length Li + Xi and 
has end points pi, qi. Here, G M such that Li + Xi > 0. Suppose that F — Cj and F' — 
are copies of each other. Then, 



12 {Li + Ri){L, + Ri + X, 



Proof By Corollary [SJl r(F) = r(F - e^) + - f + Again, by Corollary and 

the fact that F - = F' - e^, r(F') = r(F - e^) + -f + fe^^rif- The result follows 
by combining these two equations. □ 



One may also want to know what happens to t(F) if the edge lengths are changed succes- 
sively. 

Let F be a bridgeless graph. Suppose that {ci, 62, . . . , eg} is the set of edges of F in an 
arbitrarily chosen order. Recall that e is the number of edges in F. Also, Li is the length 
of the edge Cj with end points Pi, qi, for i = 1, 2, . . . , e. We define a sequence of graphs as 
follows: 

Fq := F, Fi is obtained from Fq by changing Li to Li + Xi. Similarly, F^ is obtained from 
Ffc_i by changing L^. to L^ + Xk at A;— th step. Here, G M is such that L^ + Xk > for 
any k. We have i{Tk) = ^(F) + X]j=i ^j- With this change, the edge G Tk-i becomes the 
edge e'fc G F^., so Tk-i - = F^. - e'^, and ^p^.g^.r^.i-efe = Ap^^g^^r^-e'^- We also let R'^ (Rk) 
denote the resistance, in F^ — e'^ (in F — 6^), between end points of e'^, (e^, respectively). 
Here, k E {1,2, . . . , e}. Therefore, at the last step we obtain Fg and ^(Fg) = ^(F) + ^^=1 xj. 

With these notation, we have the following lemma: 



Lemma 5.6. With the notation above. 



^ e e A 
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Proof. By using Lemma [5.51 at each step, we obtain: 



r(ro = r(r) + 



12 {Li + R[){L, + R[ + xi) 



r{r,) = r(r,) + S -2A......r.-e', 



12 {L2 + R'2)iL2 + R'2 + X2) 



T[L e) = T{1 e-l) + TTT 



12 {L, + R'^){L, + R'^ + Xe) 
Then, by adding all of these, 

-t e e A 



i^e) = r{T) + -J2x,-Y: 



12 tr j^^{L. + Rd{h + R[ + x,y 



□ 



Theorem 5.7. LetT be a bridgeless graph. Suppose thatpi, qt are the end points of the edge 
Ci, for each i = 1,2, . . . ,e. Then, 



{Li + Ri 



Proof. Let M be a positive real number. By choosing Xi = M ■ for all i = 1,2, ... ,e in 
Lemma EH we obtain Fe with £(re) = + M Y,".^^ Lj = {M + l)i(T). We can also obtain 
Fe by multiplying the length of each edge in F by M + 1. Therefore, T(Fe) = (1 + M)r(F). 
Then, by using Lemma 15.61 



;i + M)r(F) = r(F) + ^Mi{T) - ^ 



M ■ UA, 



i^Pi,qi,Ti-e'. 



12 ' ' ^^{Li + R'^{Li + M.Li + R'^ 
Then, 

r(T) = ^ - V Li^n,q.,r,-e[ 
^ ' 12 j^^{Li + R!i){Li + M.Li + R!,y 

On the other hand, by Rayleigh's Principle (which states that if the resistances of a circuit 
are increased then the effective resistance between any two points can only increase, see |DS] 
for more information), we see that Ri < R'i< {1 + M)Ri. 

As M — > 0, we have F^ - ej, — ^ F - e^, Ap^^q^^^.-e'^ — ^ Ap^,q,,r-e,, and — ^ R^. Hence, 
the result follows. □ 

Corollary 5.8. Let T he a bridgeless graph with total length 1. Then, t(F) < ^ . 

Proof. Since Ap.^g.^r-e^ > for any z = 1, 2, . . . , e. Theorem 15.71 gives the result. □ 

Remark 5.9. The upper bound given in Corollary I5.<SI is sharp. When F is the circle of 
length 1, r(F) = ^. For a bridgeless T, Corollary \5.8\ improves the upper bound given in 
Equation [T^) . 



We will give a second proof of Theorem 15.71 by using Euler's formula for homogeneous 
functions. A function / : ^ M is called homogeneous of degree k if f{Xxi, Xx2, ■ ■ ■ , Aa;„) = 
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X'' f{xi,X2, ■ ■ ■ ,Xn) for A > 0. A continuously differentiable function / : M."^ R which is 
homogeneous of degree k has the following property: 

(35) k.f = j2x.^. 

i=l * 

Equation ( l35l) is called Euler's formula. 

For a graph V with ^{E{T)) = e, let {Li, L2, ■ ■ ■ , L^,} be the edge lengths, and let r(x, y) be 
the resistance function on F. For any two vertices p and q in ^(F), we have a function Rp g : 
M^Q —>■ M given by Rpg{Li, L2, ■ ■ ■ , L^) = r{p, q). By using circuit reductions, we can reduce 
F to a line segment with end points p and q, and with length r{p, q). It can be seen from the 
edge length transformations used for circuit reductions (see Q that Rpq{Li, L2, ■ ■ ■ , Le) is a 
continuously differentiable homogeneous function of degree 1, when we consider all possible 
length distributions without changing the topology of the graph F. 

Similarly, we have the function T : MS^g R given by T{Li, L2, ■ ■ ■ , L^) = t(F). Propo- 
sition 12.91 and the facts given in the previous paragraph imply that T(Li, L2, ■ ■ ■ , L^) is a 
continuously differentiable homogeneous function of degree 1, when we consider all possible 
length distributions without changing the topology of the graph F. 

Lemma 5.10. LetT be a bridgeless graph. Let pi and qi be end points of the edge e.j G E{r), 
and let Li be its length for i = 1,2, ■ ■ ■ ,e. Then 

dT _ 1 Ap^,g„r-e. 
dL, 12 iL, + R,y 

Proof By Corollary EM T{Li, L2, ■ ■ ■ , L^) = r(F - e^) + f| - f + ^^-'1^7' ' ^^^^ 
i = 1,2, ■ ■ ■ , e . Since t(F — ei), Ri and Ap-^g-^r-Ci are independent of Li, the result follows. □ 

It follows from Equation ( 135|) and Lemma 15.101 that Theorem 15.71 is nothing but Euler's 
formula applied to the tau constant. 



6. How THE TAU CONSTANT CHANGES BY CONTRACTING EDGES 

For any given F, we want to understand how r(F) changes under various graph operations. 
In the previous section, we have seen the effects of both edge deletion on F and changing 
edge lengths of F. In this section, we will consider another operation done by contracting 
the lengths of edges until their lengths become zero. First, we introduce some notation. 

Let Fj be the graph obtained by contracting the i-th edge e,, i G {1,2,... e}, of a given 
graph F to its end points. If G F has end points Pi and qi, then in Fj, these points become 
identical, i.e., pi = qi. Also, let Fj be the graph obtained from F by identifying pi and qi, 
the end points of Cj. Then the edge Cj of F becomes a self loop, which will still denoted by 
Ci, in Fj. Thus, £(Fi) = £(Fj) + Lj = £(F) and Fj - ej = Fj. 

Lemma 6.1. Let e^, Pi, q^, Li and Ri be as defined previously for F. IfV — Cj is connected, 
then 

r(r,) = r(F - e.) - 5 + ^^Ei:S^^ ^(f,) = r(F - e.) + ^ - ^ + ^p-"-^"^' 



6 Ri ' ^ ' ^ ' 12 6 Ri 
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Proof. By Corollary EM t{T) = r(r - e^) + - f + +^7' ■ As Li — > 0, we have 
r — > Fj, so r(r) — > TiXi)- Since r(r — Cj), ^4^. ,j.^r-ei are independent of Lj, in the 
limit we obtain the following: 



r(r,) = r(r - e,) - ^ + 



6 Ri 

This yields the first formula. On the other hand, since Fj — Cj and the self-loop Cj intersect 
at one point, pi = qi, we can apply the additive property of the tau constant. That is, 
T{Ti) = T(Ti — Cj) + r(ej) = T{Ti) + j^. Using this with the first formula gives the second 
formula. □ 

Lemma 6.2. Let Ci, Pi, qi, Li and Ri be as defined previously for T. IfT — Ci is connected, 
then 

t{T) = t(T.) + — — 7"(r) = ''"(f) — "^^^P"'^''^"^' 

12 Ri{Li + Ri) Ri{Li + Ri) 

Proof. By combining Corollary 15.31 and Lemma 16. Ij one obtains the formulas. □ 
7. How THE TAU CONSTANT CHANGES BY ADDING EDGES OR IDENTIFYING POINTS 

Let p, q be any two points of a graph F and let e"'^"' be an edge of length L"*^"". By 
identifying end points of the edge e"*^"" with p and q of F we obtain a new graph which we 
denote by F(p^g). Then, ^(F(p_g)) = £(F) + L"*^"". Also, by identifying p and q with each other 
in F we obtain a graph which we denote by Fpg. Then, ^(Fpg) = ^(F). Note that if p and q 
are end points of an edge Cj G F, then Tpq = Fj, where Fj is as defined in ^ 

Corollary 7.1. Let T be a metrized graph with resistance function r{x,y). For p, q and 
F(p^q) as given above, 

-(r(,.)) = r(F) + — — + j^^^^^^^y 

Proof. We have F(p_g) — e^'^^ = F, so the result follows from Corollary 15. 3[ □ 

Corollary 7.2. Let T be a metrized graph with resistance function r{x,y). For two distinct 
points p, q and Tpg, we have 

Proof. Note that F(pg) — > Tpg as L"*^*" — > 0. Thus, we obtain what we want by using 
Corollary O □ 

8. Further properties of Ap^g^r 

In this section, we establish additional properties of ^p,g,r- The formulas given in this 
section along with the ones given previously can be used to calculate the tau constants for 
several classes of metrized graphs, including graphs with vertex connectivity one or two. For 
metrized graphs with vertex connectivity one, we have Additivity properties for both r(F) 
and ^p,g,r (see ^and Proposition 14. 6p . For metrized graphs with vertex connectivity two, 
we can use the techniques developed in §1] and Theorem 15.11 

First, we derive a formula for Apg^ for a metrized graph with vertex connectivity two. 
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Theorem 8.1. Let Ti U r2 denote the union, along two points p and q, of two connected 
graphs Ti and T2, so that Fi fl r2 = {p,q}- Let ri{x,y) and r2{x,y) denote the resistance 
functions on Ti and T2, respectively. Then, 

_ r2(p,g)Mp,q,ri +n(p,g)^^p,g,r2 , 1/ ri{p,q)r2{p,q) \^ 
^p,i},riur2 — : — r - 1 - 



{ri{p,q) + r2{p,q)Y Q^nip, q) + r2{p, q) J ' 



Proof. Let r{x,y) be the resistance function on Fi U F2. We have r{p,q) = ri{pq)+f2{p'q) 
parallel circuit reduction. For a metrized graph F, let Fp^ be the metrized graph obtained 
by identifying p and g as in ^ By applying Corollary 17.21 to (Fi U F2)pg, 

r((Fi U F2)pg) = r(Fi U F2) — + ^^^^^^ . 

On the other hand, (Fi UF2)pg is the one point union of (Fi)pg and (F2)pg, so by the additive 
property of the tau constant, r((Fi U F2)pq) = T((Fi)pq) + r((F2)pq). Thus by applying 
Corollary 17.21 to both {Ti)pq and {T2)pqi 

^((v \ \v\ \ ^(v\^^(v\ ri{p,q) + r2{p,q) , Ap,g,r, Ap^g^r^ 

t((Fi U T2)pg) = t(Fi) + t(F2) + — + — -. 

6 ri{p,q) r2{p,q) 

Hence, the result follows if we compute t(Fi U F2) by applying Theorem 15.11 □ 

Corollary 8.2. Let F U F &e the union of two copies of F along any p, q in F. For the 

resistance function r{x, y) in T, we have 

_ r{p,qf 
^^p,g,rur — — Y2 ^p.q.r- 

Proof. The result follows from Theorem 18.11 □ 
A different proof of Corollary 18.21 can be found in |Cll page 96]. 

Let p, g be in F. Let CF„(p, q) be the union of n copies of F along p, g in F. Note that 
CF2b,g) =FUF. 

Theorem 8.3. Let p, q he in T, and let r{x,y) be the resistance function in F. Let T be a 
normalized graph, and let (CF2n(p, g))^ be the normalization o/CF2n(p, g). Then 

r((Cr,.fe,))") = r(r) + ^i^ + ^r(p.,). 

where n > 2 and we have an = 2an-i + 1, ai = 1, bn = 2hn-i ~ 2^ + 1? ^'^^ ^1 = ~\- 
Equivalently, 

rdCTAp, ^ r(r) + (1 - 1) , ( - i - ^ H- 

Proof. Let r2k{x,y) be the resistance function in CF2fc(p, g) for A; > 1 and r2o{x,y) = r{x,y). 
Note that r2k{p,q) = ^2fc-i(P'9) ^^j. g^j-^y A; > 1. Thus, applying Corollary 18.21 successively gives 

(36) fW>(M = 4^ + i(l - hr{p, <1). 

r2n{p,q) r{p,q) 6 2" 

Then the result follows from Equation (l36l) . Corollary 15.21 the fact that ^(CF2"(p, g)) = 
2'^£(F) = 2", and using calculus. □ 
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Corollary 8.4. Let T be a normalized graph, and let p, q be in T. Then 

.((Cr,fe,)n = r(r) + ?i|^-lr(p,g). 

Proof. Applying Theorem 18.31 with n = 2 gives the result. □ 
Corollary 8.5. Let T be a circle graph. Fix p and q in T. Let the edges connecting p and q 

2 1,2 

have lengths a and b, so i(T) = a + b. Then Ap^q^r = 6(1+6)2 ■ 

Proof. Let Fi and r2 be two line segments of lengths a and b. For end points p and q both 
in Fi and F2, ^p,g,ri = ^p,q,r2 = by Proposition 14. 5[ Since the circle graph F is obtained 
by identifying end points of Fi and F2, the result follows from Theorem 18. 1[ □ 

As the following lemma shows, whenever the vertices p and q are connected by an edge Cj 
of F, we can determine the value of ^p,q,r in terms of Ap^q ^-ei and resistance, in F, between 
p and q. 

Lemma 8.6. Let Cj G E(T) be an edge such that F — e, is connected, where Li is its length, Ri 
is the resistance between p and q inT — Ci and p and q are its end points. For the resistance 
function r{x,y) ofT, 

. _ LJfAp^^ r{p,qf 



{Li + Rif 6 



Proof. Let Fi be the line segment of length Lj, and let F2 be the graph F — Cj. We have 
^p,g,ri = by Proposition 14.51 Note that r(p, q) = by parallel circuit reduction. 

Inserting these values, the result follows from Theorem I8.1[ □ 

A different proof of Lemma [8.61 can be found in |CH Lemma 3.32]. 

In the rest of this section, we will give some examples showing how the formulas we 
have obtained for Ap^q^i- and t(F) can be used to compute the tau constant of some graphs 
explicitly. 



Example 8.7. Let F be the Diamond graph with equal edge lengths L(see Example 4-4\ )- 



Let 65 be the inner edge as labeled in Figure [7^ with end points a and b. Then F — 65 is a 

L A _ (2L)2(2L)2 



circle graph and 1{T — 65) = 4L, so that riV — e^) = ^. Also, Aa^i^^r-e^ = ^Q(2L+2L^^^ ~ ^ 



Corollary \8.5[ By parallel reduction Re^ = L. Thus applying Corollary {57^ to F with edge 65 
,..e.r(F) = r(F-e5) + ^-% + fe^ = t + ^-t + ^f = t,..e.,r(F) = ^. 



Let F be circle graph with t vertices and t edges of length a. If we disconnect each vertex 
and reconnect via adding a rhombus with its short diagonal whose length is equal to side 
lengths, b, we obtain a graph which will be denoted by F(a, b, t). We will call it the "Diamond 
Necklace graph" of type (a, b, t). Figure [T7I gives an example with t = 4. The graph F(a, 6, t) 
is a cubic graph with v = At vertices and e = 6t edges. 

Example 8.8. Let F(a, 6, t) be a normalized Diamond Necklace graph. Let Ca G E{r{a, b, t)) 
be an edge of length a with end points p and q. Note that Re^ = {t — l)a + tb. By applying 
the additive property for Ap q^r(a,b,t)-ea! i-^-j Proposition \4.6\ and using Proposition \4-5\ we 
obtain Ap^q^Y{afi,t)-ea = ^^p,g,7; whcrc ^ is a Diamond graph with edge lengths b and p, q as in 



Example \8. 7[ By Example \4.4\ ^p,g,7 = ^- Also, r(F(a, 6, t)— e^) = ■^^-x^+^''"(7) = P"' +t^ 
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Figure 17. A Diamond Necklace graph, r(a, 6, 4). 

by using the additive property and Example \8. 7[ Thus applying Corollaru \5.3\ to r(a, 6, t) with 
edge gives 

r(r(a, 6, t)) = r(r(a, b,t) - e.) + ^ - ^ + ^^''^'r^'^'"'*)"- 



12 6 Le„ + i?, 



(t-l)a b a (t~l)a + tb 1 b"^ 

= 1 '- It- A - ■ I t— 

4 3 12 6 a+{t-l)a + tb S 

_ t{a + 2b) ^2 

~ 12 ^ 8(a + b) ' 

In particular, ifr{a, b, t) is normalized, then 1 = i{r{a, b,t)) = ta + 5tb gives 

24t3a2 + 22t2a + 4t + 3 - 6ta + 3t'^a'^ 



r{T{a,b,t)) 



120t{4ta + 1) 



When r{a,b,t) is normahzed, we have b = and one can show that the equahty 

J_ ■sp L'f _ 4-12(a-l)t+(12a^ +24a+13)t^+a(1996a^ -84a+91)f^+8a^ (6a+13)f^ -2080^^5 , 11 

12 2^ei£r{a,b,t) {Li+Ri)'^ ~ 960*2 (4ai+l)2 nOlQS. 

In particular, when a = b = -^^^^ and t = 100 we have r(r(a,6, t)) > ^-j- and 
1 1 

— y — ^ < . Moreover, for any given £ > there are normalized diamond 

12 (Li + Ri)^ 5000 

1 

graphs r(a,6, t) such that r(r(a,6, t)) is close to ^ and that — > — ^ ^ , „ < e. 

^ ^ V V ' ' 12 12 ^ (Lj + - 

ei£T{a,b,t) ^ ' 

This example shows us that the method applied in the proof of Theorem 12.241 can not be 
used to prove Conj ecture 12.131 for all graphs. 

Proposition 8.9. Let Y be an m-banana graph with vertex set {p, q} and m edges. Let 
r{x,y) be the resistance function on it. Then Ap^g^r = (m — 1) ■ iImL, 

Proof. When m = 1, F is a line segment. In particular, it is a tree. Then the result in 
this case follows from Proposition 14.51 When m = 2, F is a circle, so the result in this 
case follows from Corollary 18.51 Then the general case follows by induction on m, if we use 
Lemma 18.61 □ 

The lower bound to the tau constant of a banana graph was studied in |REU] . For a banana 
graph F, a [REUj participant. Crystal Gordon, found by applying Lagrange multipliers that 
the smallest value of t(F) is achieved when the edge lengths are equal to each other and the 
number of edges is equal to 4 as in the following proposition. We will provide a different, 
shorter proof. 
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Proposition 8.10. Let T be an m-hanana graph with vertex set {p, g} and resistance function 
r{x,y), where m>l. Then t{T) = — '■"^~^'' r(p, q). 

In particular, t{T) > £(r)(^ — > where the first inequality holds if and only if 
the edge lengths ofT are all equal to each other, and the second holds if and only if m = 4. 

Proof By Corollary we have T{Tpg) = r(r) - ^ + ^g^. On the other hand, riVpg) 
becomes one pointed union of m circles, and so by applying additive property of the tau 
constant and Corollary 12.171 we obtain T{Tpq) = Therefore, the equality follows from 
Proposition I8.9[ 

Note that the inequality was proved in Corollary 13.61 when the edge lengths are equal. 
Let edge lengths of T be given by {Li,L2,--- ,-C/m}- Then by elementary circuit theory 
'"(Pi q) = 1 • On the other hand, by applying the Arithmetic-Harmonic Mean inequality 

we obtain > i , with equality if and only if the edge lengths are equal. Hence, the 
result follows by using the first part of the proposition and by elementary algebra. □ 
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